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Abstract 

We point out a possible complementation of the basic equations of 
quantum mechanics in the presence of gravity.This complementation is 
suggested by the well-known fact that quantum mechanics can be equiva- 
lently formulated in the position or in the momentum representation. As 
a way to support this complementation, starting from the action that de- 
scribes conformal gravity in the world-line formalism, we show that there 
are duality transformations that relate the dynamics in the presence of po- 
sition dependent vector and tensor fields to the dynamics in the presence 
of momentum dependent vector and tensor fields. 



1 Introduction 

The wave-particle duality of matter and energy at the quantum level is one of the 
most fundamental aspects of physics. The far reaching theoretical implications 
of the existence of the wave-particle duality are not completely understood until 
now. The best known implication of this duality is the fact that quantum 
mechanics can be equivalently formulated in the position representation or in the 
momentum representation. While the position representation emphasizes the 
particle aspect by assuming a defined position, the momentum representation 
is related to the wave aspect because the magnitude p of the momentum of a 
particle is directly related to the wave length A of the associated wave by the 
de Broglie relation p = j, where h is Planck's constant. 

Some years ago, it was discovered [1] that this duality of the descriptions in 
terms of position and momentum in quantum mechanics has a symmetric version 
as a local 5*^(2, R) symmetry of a classical action describing conformal gravity 
on the world-line. Local Sp{2, R) symmetry treats position and momentum 
as indistinguishable variables and, for this, it requires conformal gravity in a 
space-time with an extra space-like dimension and an extra time-like dimension 
[1]-[18]. Extra space-like dimensions had previously been found in string theory, 
but this was the first time that an extra time- like dimension was explicitly found. 
For this reason, this area of research is sometimes referred to as two-time (2T) 
physics. 
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The important aspect of 2T physics is that we can always use the local invari- 
ance of the action to eliminate the extra dimensions and work with the emergent 
gauge-fixed theory, containing only the physical degrees of freedom, and there- 
fore avoiding the ghost problem in the quantized theory. Using this approach, 
it was demonstrated [14], [19] that the Standard Model of Particles and Forces 
and General Relativity as we know them are only holographic shadows of a more 
symmetric theory with one extra space-like dimension and one extra time-like 
dimension. For this reason, it is important to try to understand other aspects 
of the gravitational physics with two time-like dimensions. Following this point 
of view, in this paper we present a number of {d + 2)-dimensional constrained 
Hamiltonian formalisms starting from the first order conformal gravity action 
in the world-line formalism. The new aspect of these Hamiltonian formalisms 
is that they are connected by duality transformations that interchange position 
and momentum. Dualities of this kind play a significant role in M-theory, and 
because of the wave-particle duality one may expect this same kind of duality to 
appear in quantum gravity. We use the dual classical Hamiltonian formalisms 
we present in this paper as a basis to suggest a complementation of the basic 
equations of quantum mechanics in the presence of gravity. 

2T physics is usiially considered as an approach that provides a new per- 
spective for understanding one-time dynamics (IT physics) from a higher dimen- 
sional, more unified point of view. In this paper we are not interested in this 
2T to IT holographic property [7] of 2T physics. What wc have in mind in this 
paper is the fact that all the fundamental interactions are described by gauge 
theories, and the fact that all gauge theories can be described as constrained 
Hamiltonian systems with first class constraints [20], [21]. 

In papers [5], [7], [19] it was required that the local invariance of the con- 
formal gravity action must be the Sp{2,R) invariance even when space-time 
fields arc present. To satisfy this requirement, in these papers, the space-time 
gravitational and vector fields must satisfy certain conditions that can not be 
derived from the action. This uncomfortable situation is avoided later by per- 
forming a transition to the field theory formalism [14], [19], where an action is 
introduced from which the conditions leading to local 5^(2, R) invariance can 
be derived. However, finding a natural way of introducing space-time tensor 
and vector fields in conformal gravity in the world-line formalism remained an 
open problem until now. In this paper we present an initial attempt to solve 
this problem. Although our attempt does not require local Sp{2, R) symmetry, 
being instead based on the presence of another local symmetry of the action, 
it brings with it interesting new insights into the internal structure of quantum 
mechanics. 

The Sp{2, R) symmetry is the local symmetry of conformal gravity, dis- 
covered for the world-line action in the absence of interactions in the {d + 2)- 
dimensional flat space-time. However, 5^(2, R) is no longer the local symmetry 
when fcrmions are introduced in the formalism. It is substituted [2], [5] by lo- 
cal OSp{n I 2), which contains Sp{2,R) and reduces to it when the fermions 
are removed from the formalism. This result may be viewed as suggesting a 
possible solution to the problem of introducing space-time fields in the world- 
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line formalism. Instead of requiring local Sp{2, R) symmetry of the action with 
space-time fields as a starting point, we can try to find another local symmetry 
that can be used to eliminate the same number of unphysical degrees of freedom 
that are eliminated using the local Sp{2, R) symmetry, thus also avoiding the 
ghost problem in the quantized theory. A consistency condition is that this new 
local symmetry must reproduce the local Sp{2, R) symmetry when the space- 
time fields are absent. Wc will describe in this paper how, starting from the 
first order conformal gravity action in the world-line formalism, we can con- 
struct a natural constrained Hamiltonian formalism, with first class constraints, 
containing space-time tensor and vector fields. In this Hamiltonian formalism, 
the first class constraints generate local symmetries that reproduce the Sp{2, R) 
local symmetry when the space-time fields are absent. The formalism displays 
duality transformations that change the dynamics with position dependent ten- 
sor and vector fields into the dynamics with momentum dependent tensor and 
vector fields, and vice versa. 

In the usual IT physics, position dependent tensor fields play an important 
role in the most general position space formulation of quantum mechanics in 
the presence of gravity [22]. In this general formulation, these tensor fields 
appear in the spectral decomposition of the unity, define the correct integration 
measure for the inner product and are present in the most general expression of 
the position matrix elements for self adjoint momentum operators in position 
space [22] 

{x\pa\x) = ^--^[^--<5"(a; - x)] 
g*{x)ox" 54 (x) 

+ ^^A„{x)6'\x - x) (1.1) 

where g{x) = dct ga(}{x) and a,(3 = l,...,n. Since quantum mechanics can 
be equivalently formulated in the position or in the momentum representation, 
the appearance of a momentum dependent tensor field in conformal gravity can 
be interpreted as an indication that the momentum space versions of quantum 
mechanical equations such as (1.1) and others are still lacking. The construction 
and the justification of these momentum space equations are the motivations 
for this paper. 

As can be seen in (1.1), the other central object in the general position space 
formulation of quantum mechanics described in [22] is the vector field Aa{x). 
It has a vanishing strength tensor, 

and because of this condition it defines a section of a flat U(l) bundle over 
the position space. The vector field is present only if the position space has a 
non-trivial topology. In position spaces with trivial topology Aa{x) can always 
be gauged away [22]. 

In this paper we describe how one can extend to momentum space the gen- 
eral position space formulation of quantum mechanics described in [22]. The 
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paper is organized as follows. In section two we describe how duality transfor- 
mations relate position dependent and momentum dependent tensor fields in 
rf-dimensional relativistic massless particle theory in a constrained Hamiltonian 
framework. 

In section three we review the global and local symmetries of the conformal 
gravity action. 

Section four presents the basic equations of a formulation of quantum me- 
chanics that completely incorporates the wave-particle duality in the presence 
of gravity. This is done by introducing the corresponding momentum space 
expressions of the position space expressions obtained in [22]. 

In section five we present the developments that suggest our construction 
in section four. The starting point is the action describing conformal grav- 
ity on the world-line. In section 5.1 we present an action in a position de- 
pendent tensor background and compute the conserved Hamiltonian Noether 
charge corresponding to the local invariance of the action. We find that the 
conserved Noether charge and the equations of motion reproduce the conserved 
charge and the equations of motion of conformal gravity in a transition to flat 
space. In section 5.2 we study the same situation for an action in a momentum 
dependent tensor background and find exactly the same behavior of the con- 
served Noether charge and of the equations of motion. In addition, a duality 
transformation changes the equations of motion in the momentum dependent 
background into the equations of motion in the position dependent background 
obtained in section 5.1. In section 5.3 we consider the case of flat space with a 
position dependent vector field. In section 5.4 we consider the case of flat space 
with a momentum dependent vector field. Again wc discover that the conserved 
charges and the equations of motion reproduce those of conformal gravity when 
the vector field vanishes, and that the equations of motion in the presence of the 
vector field are turned into one another by a duality transformation. Section 5.5 
considers the case when both the tensor and vector fields are present, and we 
are lead to identical conclusions about the conserved charges and equations of 
motion. All the actions we compute in this section describe the correct mimbcr 
of physical degrees of freedom, thus avoiding the ghost problem in the quantized 
theory. Concluding remarks appear in section six. 

2 Massless Relativistic Particles 

In this section we consider massless relativistic particle theory. We describe 

how a duality transformation relates the local symmetry and the equations of 
motion in a position dependent background to the local symmetry and equations 
of motion in a momentum dependent background. 

A massless scalar relativistic particle in a rf-dimcnsional Minkowski space- 
time with signature {d — 1,1) is described by the action 




(2.1) 
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where A(r) is an auxiliary variable, .t^ = .x^(t), x = x^x^rj^^j and ry^^, with 
IJi,v = 0,l,...,d — 1, is the flat Minkowski metric. A dot denotes derivatives 
with respect to the arbitrary parameter r. Action (2.1) is invariant under the 
local infinitesimal reparametrizations 

fe^ = a(T)i^ <5A= -^[a(T)A] (2.2) 
ar 

where a{T) is an arbitrary function. Due to the presence of this local invariance 
action (2.1) can be looked at as describing gravity on the world-line. It is well 
known that action (2.1) also has a global d dimensional conformal invariance. 
Global conformal invariance in d dimensions is isomorphic to global Lorentz 
invariance in d + 2 dimensions [23 [, [24]. Therefore, there is a (i-|-2 dimensional 
Lorentz invariant extension of action (2.1). This higher dimensional action is 
the subject of the next section. 

In the transition to the Hamiltonian formalism action (2.1) gives the canon- 
ical momenta 

PA = (2.3) 
P. = I (2.4) 

and the Hamiltonian 

H=\\p'' (2.5) 

Equation (2.3) is a primary constraint [20]. Introducing the Lagrange multiplier 
^(r) for this constraint we can write the total Hamiltonian [20] 

Ht=H + ^Px = ^Ap2 + ^px (2.6) 

Introducing the Poisson bracket {X,px} = 1 and requiring the dynamical sta- 
bility [20] of constraint (2.3) 

Px = {px,Ht} = (2.7) 
we obtain the secondary constraint 

<^ = ^ (2.8) 

Constraint (2.8) needs not be incorporated into the formalism because it already 
appears in the Hamiltonian. Requiring its dynamical stability 

^ = {^,Ht} = (2.9) 

we find that it is automatically satisfied. Constraints (2.3) and (2.8) have van- 
ishing Poisson bracket and are therefore first class constraints [20]. Constraint 
(2.3) generates translations in the arbitrary variable A(r) and can be dropped 
from the formalism. The notation « means that (j) weakly vanishes [20], [21]. 
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Action (2.1) can be rewritten in Hamiltonian form as 



S = j dTix.p-^Xp^) (2.10) 

By introducing the Poisson brackets 

{x^, x^} = {p^,Pu} = {x^,p^} = ?7^^ (2.11) 

we can check that the first class constraint (2.8) generates the local transforma- 
tions with arbitrary parameter e(r) 

5x^ = e(r){a;^, (j)} = ep^ (2.12a) 

% = e(r){p^,</)} = (2.12b) 
under which action (2.10) transforms as 

SS = j dT[^{€(j)) + €(t> - (j)6X] (2.12c) 

If we choose ^ A = e the variation (2.12c) becomes 

5S= [ dT^{e(l>) (2.12d) 

J UT 

In this case the quantity 

Q = €<!>= iep2 (2.13) 

can be interpreted as the conserved Hamiltonian Noether charge, or as the 
generator of the local symmetry transformations (2.12), depending on wether 
the equations of motion are satisfied or not [25]. Using the local invariance 
generated by the charge (2.13), it is possible [21] to eliminate the time-like 
degree of freedom by a gauge-fixing. This leaves us with d — 1 canonical pairs 
describing the physical degrees of freedom. In this case there will be no negative 
norm states (ghosts) in the quantized theory. As we will see in the following, 
all the actions we discuss in this paper describe this same number of physical 
canonical pairs. 

Hamiltonian (2.5) generates the equations of motion. 

Xf,^ {Xf„H} ^ Xpf, (2.14a) 

p^ = {p^,H} = (2.14b) 

2.1 Position dependent tensor fields 

Action (2.10) has an extension in curved space given by [19] 

S = J rfr[i^p^ - \xg^.{x)p''p''] (2.15) 
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where the Hamiltonian is 

H = lxg^.ix)pV (2.16) 

The position dependent tensor field gfiiy{x) is defined over phase space. The 
equation of motion for A(t) gives the constraint 

</> = ^5^.(a;)p>" « (2.17) 

Requiring the dynamical stability [20] condition <p = {<p, Ht} = for constraint 
(2.17), we find that it is automatically satisfied. This implies that constraint 
(2.17) is a first class constraint [20]. 

Constraint (2.17) generates the local transformations 



6Xfi = e{T){xi^, (j)} = egi_,„{x)p'' (2.18a) 
Sp, = e{r){p„ ^} = -ie%#pV (2.18b) 



under which 

5S 



j dT[^{€(l>) + €(/)- (l>5X] (2.18c) 
If we then choose 6X = e we get 

SS = j dT^{e(f>) (2.18d) 

This shows that the conserved Noether charge corresponding to the local sym- 
metry transformations (2.18) in the background gij,v{x) is the quantity 

Q = e^=^eg^,{x)pV (2.19) 

Using the local symmetry generated by the conserved charge (2.19) it is possible 
[21] to eliminate the time-like degrees of freedom. This leaves only d—1 physical 
canonical pairs. In this case the physical components of the tensor field will 
depend only on the physical components of the position variable. There will be 
no ghosts in the quantized theory. 

Hamiltonian (2.16) generates the equations of motion 

= {x^, H} = Xg^,{x)p'' (2.20a) 

p, = {p„ H} = -Ia^^MpV (2.20b) 
The equations of motion (2.20) reproduce the equations of motion (2.14) when 
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2.2 Momentum dependent tensor fields 

Now we apply to action (2.15) the duality transformation 

x^,{t) ^ p^r) p^(r) ^ -x^{t) (2.21) 

This duality transformation leaves invariant the definition {A,B} = — 
of the classical Poisson bracket between two functions A and B of the 

canonical variables, and also the fundamental commutator [x^jP^,] = x^p^, — 
PvXjx = ihrjij^^ of quantum mechanics. We obtain the action 

S = J drl-x^p^ - lxg^Ap)x''x''] (2.22) 
where the Hamiltonian is 

H = lxg^.4p)x''x'' (2.23) 

and Qnvip) describes a momentum dependent tensor field defined over phase 
space. The equation of motion for the variable A(r) gives the constraint 

cl>=\gMx''x'' (2.24) 

Requiring the dynamical stability [20] of constraint (2.24), we find that it is 
automatically satisfied and that constraint (2.24) is a first class constraint [20]. 
It generates the local transformations 

5x^ = e{T){x^, 0} = ie^^^^^x'^ (2.25a) 

% = e{T){p^, cj)} = -eg^c,{p)x" (2.25b) 

under which 

SS = j dT[^{€(l>) + €(p - (l>5X] (2.25c) 
If we choose ^ A = e the variation (2.25c) becomes 

5S= [ dT^{e(l>) (2.25d) 
J dr 

This demonstrates that the conserved Noether charge in the background g^vip) 
is the quantity 

Q = 60 = \tg^^{p)x''x'' (2.26) 

Using the local symmetry generated by the conserved charge (2.26) it is possible 
[21] to eliminate the time-like degrees of freedom. This again leaves only c? — 1 
physical canonical pairs. The physical components of the tensor field will depend 
only on the physical components of the momentum variable, and there will be 
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no ghosts in the quantized theory. The d-dimensional masslcss particle actions 
(2.10), (2.15) and (2.22) therefore describe the dynamics of the same number of 
physical canonical pairs. 

Notice that the local symmetry transformations (2.25) and the corresponding 
conserved charge (2.26) in the background Qnviv) are turned by the duality 
transformation (2.21) into the local symmetry transformations (2.18) and the 
corresponding conserved charge (2.19) in the background ^^^(.x). Although the 
duality transformation (2.21) is not a symmetry of actions (2.15) and (2.22), it 
relates the local symmetries of these two actions. 

Hamiltonian (2.23) generates the equations of motion 

x, = {x„H} = y-^x-x^ (2.27a) 

= {p^, H} = -A5^„(p)x" (2.27b) 

Notice that the equations of motion (2.27) are turned by the duality transfor- 
mation (2.21) into the equations of motion (2.20). The transformation (2.21) 

relates two possible Hamiltonian descriptions of the dynamics in the presence 
of tensor backgrounds. It is this dual behavior of the local symmetries and of 
the dynamical evolutions in the presence of space-time fields that we want to 
reproduce in d + 2 dimensions. For this purpose we must first show that our 
((i+ 2)-dimensional actions have a local symmetry that can be used to eliminate 
three unphysical degrees of freedom from each of the canonical variables, leaving 
only d—\ physical canonical pairs. Local Sp{2, R) is not an acceptable symme- 
try in this case because it treats position and momentum as indistinguishable 
variables. To search for another local symmetry, we must first understand how 
local Sp{2, R) works. This is the subject of the next section. 



3 Conformal Gravity and 2T Physics 

The construction of 2T physics [1]-[18] is based on the introduction of a new 
gauge invariancc in phase space by gauging the duality (2.21) for the quantum 
commutator \Xm,Pn] = ihrjj^j^ with M, TV = 0,l,...,ci-|- 1. This procedure 
leads to a symplcctic Sp{2, R) gauge theory. To remove the distinction between 
position and momentum we rename them = {t) and ^ = P^^ {t) and 
define the doublet Xf'ir) = {Xf',X^). The local Sp{2,R) symmetry acts as 
[1] 

,5Xf(r) = e,fea;'='(r)Xf(r) (3.1) 

w'^ (t) is a symmetric matrix containing three local parameters and is the 
Levi-Civita symbol that serves to raise or lower indices. The Sp{2,R) gauge 
field A^^ is symmetric in (i,j) and transforms as [1] 

6A'^ = druj'^ + u^'ckiA^^ + oj^'^CkiA'^ (3.2) 

The covariant derivative is [1] 

DrXt" = drX^ - CikA'^Xf (3.3) 
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An action invariant under the local Sp{2, R) symmetry is [1] 



I 



dT[^{X^PM - X'^Pm) - {\xiP^ + X2X.P + ^XsX^)] (3.4a) 



where A^'^ = A3, A^"^ = A^'^ = A2, A^'^ = Ai. After an integration by parts 
this action can be written as 

S = J dT[X^PM - {\\iP^ + \2X.P + \mX^)] (3.4b) 

From the form (3.4b) for the action we can identify the Hamiltonian as 

if = ^AiP^ + AaXP+^AsX^ (3.5) 

The first-order Hamiltonian action (3.4b) describes conformal gravity on the 
world-line [1], [26], [27]. We can obtain the usual second-order Lagrangian 
action for conformal gravity by solving the equation of motion for Pm that 
follows from action (3.4b) and inserting the solution back into it. 

The equations of motion for the variables Aa(T), a = 1,2,3 give the con- 
straints 

<t>i = « (3-6a) 

02 = X.P w (3.6b) 
1 
2 

and therefore the Aq, are arbitrary variables. Constraints (3.6) can only be 
simultaneously satisfied in a flat space-time with two time-like dimensions [1]- 
[18]. Constraints (3.6) were independently obtained in [23]. 
We now introduce the Poisson brackets 

{Pm,Pn} = {Xm,Xn} = {Xm,Pn} — Vmn 

(3.7) 

and require the dynamical stability [20] of constraints (3.6) 

We then obtain the bracket relations 

{(/.i,<^2} = -2</.i (3.9a) 
W„<Ps} = -cP2 (3.9b) 



^3 -^X^^O (3.6c) 
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{'^2,'^3} = -2</'3 (3.9c) 

The bracket relations (3.9) weakly vanish, indicating that the stability condi- 
tions (3.8) are automatically satisfied and that constraints (3.6) are first class 
constraints. The algebra (3.9) is the Sp{2, R) gauge algebra. 

Action (3.4b) is invariant under global Lorentz SO{d,2) transformations 
with generator Lmn = XmPn — X^Pm 

5Xm = -^i^rs{Lrs,Xm} = ujmrXr (3.10a) 

SPm = ^ojrs{Lrs, Pm} = (^mrPr (3.10b) 
6X^ = 0, a =1,2, 3 (3.10c) 

under which SS = 0. The Lmn arc gauge invariant because they have vanishing 
brackets with constraints (3.6). The remarkable consequence of this is that 
the global Lorentz SO{d, 2) symmetry survives the gauge-fixing process and is 
present in all the gauge-fixed systems. Perhaps the most striking example of 
this is the hidden Lorentz SO{d, 2) symmetry of the non-relativistic massive 
particle (see ref. [4] for details). 

The first class constraints (3.6) generate local infinitesimal Sp{2, R) trans- 
formations with arbitrary parameters eair) 

5Xm = ea{T){XM, = ciPm + e2-^M (3.11a) 

SPm = ea{r){PM, <f>J = -e2PM - es^M (3.11b) 

under which 

(55 = y" dT[{e2Xi ~ eiA2)20i -|- (esAi - ei\3)4>2 

+ (e3A2 - e2X3)2<t>s + -^{ea(t>a) + ^ocK - 4>a^K] (3.11c) 

Using the constraint equations (3.6) we can write 

SS^ J dT[^ {cM + ea'Aa - <I>JK] (3.11d) 

We can see from (3. lid) that if we now choose 6Xa — the variation of the 
action becomes 

SS^ Jdri^ieM] (3.11e) 

Equation (3. lie) indicates that, in conformal gravity in the world-line formal- 
ism, the quantity 

Q = ec,(l>^ = ^eiP^ + e2X.P+^e3X^ (3.12) 
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can be interpreted as the conserved Hamiltonian Noether charge or as the gen- 
erator of the local infinitesimal transformations (3.11), depending on wether the 
equations of motion are satisfied or not [25]. Using the local symmetry gener- 
ated by the conserved charge (3.12) we can eliminate one space- like degree of 
freedom and two time-like degrees of freedom of each of the canonical variables 
[1]-[19]. In this case we are left with d—1 physical canonical pairs, which is the 
same number of physical canonical pairs we found for the rf-dimcnsional mass- 
less particle in the previous section. There will be no ghosts in the quantized 
theory. 

Action (3.4a) is invariant under the duality transformation 

Xm{t) ^ Pm(t) Pm{t) ^ -Xm{t) (3.13a) 

Ai ^ As A2 ^ -As As ^ Ai (3.13b) 

If we perform the duality transformation (3.13) with the in the place of the 
Aq, we find that the local transformation equations (3.11a), (3.11b) and the 
conserved charge (3.12) remain invariant. 

Hamiltonian (3.5) generates the equations of motion 

Xm = {Xm, H) = X,Pm + X2XM (3.14a) 

Pm = {Pm,H} = -MPm - XsXm (3.14b) 

The equations of motion (3.14) are invariant under the duality transformation 
(3.13). Now we clearly see what are the consequences of local Sp{2, R) symme- 
try: it leaves the local transformation equations and the equations of motion 
invariant under dualities of the type (3.13). 

But this invariance of the equations of motion under the duality transfor- 
mation (3.13a) does not exist in quantum mechanics. The quantum operators 

= Xfj,, Pfj, = ih-^ are turned into the operators = p^, = -ih-^, and 
the equations of motion in the position representation are turned into the equa- 
tions of motion in the momentum representation under (3.13). For this reason, 
we will not require local Sp{2, R) symmetry for our actions in the presence of 
vector and tensor fields. For our purposes here we need to find another local 
symmetry. This other symmetry must lead to the correct number of physical 
canonical pairs and must reproduce the local Sp{2, R) symmetry in the absence 
of space-time fields. This will be the subject of section five. Let us now consider 
how we can introduce a complementation of the basic equations of quantum 
mechanics in the presence of gravity. 

4 Dual Quantum Mechanics 

The results in this paper bring with them the possibility of a deeper insight 
into the structure of quantum mechanics. The idea is to further incorporate 
into quantum mechanics the duality of the descriptions in terms of position and 
momentum. To this end we must introduce an additional assumption between 
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assumptions Al and A2 of reference [22]. The complementation of quantum 
mechanics we present in this section is based on three assumptions, of which 
the first and the third ones are identical to Al and A2 in [22] . Our assumptions 

are 

1) There exists a basis ) x) of the position space which is spanned by the 
eigenvalues of the position operators f " (a = 1, 2, n), whose domain of eigen- 
values coincides with all the possible values of the coordinates a;" parameterizing 
the position space M(a;), 

x"\x)=x"\x) , {x"} e M{x) 

2) There exists a basis ] p) of the momentum space which is spanned by the 
eigenvalues of the momentum operators Pa {a = 1,2, ...,n), whose domain of 
eigenvalues coincides with all the possible values of the momenta pa parameter- 
izing the momentum space D{p), 

Pa\p) =Pa\p) , {Pa} € D{p) 

3) The representation spaces of the algebra are endowed with a Hermitian 
positive definite inner product (. ] .) for which the operators x" and Pa are 
self- adjoint. 

Now consider quantum mechanics in the position representation. The con- 
struction of quantum mechanics describing the diffeomorphic-covariant repre- 
sentations of the Heisenberg algebra in terms of topological classes of a flat U(l) 
bundle over position space has the parameterization [22] of the inner product 
{x I x') 

{x\x') = ^l=S-{x-x') (4.1) 

where g{x) is an arbitrary positive definite function defined over the position 
space M. For a Riemannian manifold the natural choice [22] for g is the deter- 
minant of the metric tensor, g = detgaffix). Position dependent metric tensors 
naturally appear in this formulation of quantum mechanics. 

Equation (4.1) implies the spectral decomposition [22] of the identity oper- 
ator in the position eigenbasis | x) 

1 = [ rx^/^ \x){x\ (4.2) 

JM 

which in turn leads to the position space wave function representations i/'(.t) = 
{x I ip) and {if) \ x) = {x \ = i^*{x) of any state | ^) belonging to the 
Heisenberg algebra representation space, 

\^)= [ i^x^/^)^|,{x) I x) (4.3) 

JM 



1= / d-x^g{x)r{x){x I (4.4) 
Jm 
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The inner product of two states | t/') and | (f) is then given in terms of their 
position space wave functions tpi^) a^nd ip{x) as 

{i>\v)= I d'^x^/^rixMx) (4.5) 

J M 

The most general position space wave function representations of the position 
and momentum operators are [22] 



X \ Xa \ i^) = Xa{x \ tl)) = Xa1p{x) (4.6a) 

g^/'^{x)i;{x) (4.6b) 



—ih 

{x\pa\ ip) 



9 i A , \ 



gV^{x) 

The vector field Aa{x) is present only in the case of topologically non-trivial 
position spaces [22]. It has a vanishing strength tensor Fafj as given by (1.2) and 
is related to arbitrary local phase transformations of the position eigenvectors 

I 3.') = gix(^) I 3.) (4_7a) 

when 

A'^{x)=A^{x) + ^^ (4.7b) 

where x{^) is an arbitrary scalar function. From the above equations we see that 
position dependent tensors play a central role in this formulation of quantum 
mechanics. The other central object in this formulation is the vector field Aa(x) 
of vanishing strength tensor. 

Now consider quantum mechanics in the momentum representation. The 
normalization of the momentum eigenstates is parameterized according to [22] 

lj>\p') = ^^5^(jp-p') (4.8) 

where h{p) is an arbitrary positive definite function defined over the domain 
D{p) of the momentum eigenvalues. The authors in [22] do not go beyond this 
point and do not consider the possible forms of the function h{p). However, 
as a consequence of the wave-particle duality, we may expect the form h{p) = 
det (/c(/3(p) to be a possible one. 

As a consequence of (4.8) and of our second assumption, we have the spectral 
decomposition of the identity operator in the momentum eigenbasis | p) 

1=/ d"pVhipj\p){p\ (4.9) 

This leads to the momentum space wave functions ip{p) — {p \ i^) and (-0 [ 
P) = {p \ i')* — i^*{p) of any state | V ) belonging to the Heisenberg algebra 
representation space 

10-)=/ dy./h{pj^p{p) I p) (4.10a) 
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(V h / d''pVh(p)r{p)(p I (4.10b) 

J Dip) 

The inner product of two states | ijj) and | if) is given in terms of their momentum 
space wave functions tp{p) and (p{p) as 

{i^\^)= I d'^p^/HpiriPMp) (4.11) 

Jd{p) 

The most general wave function {x \ p) is given by [22] 

{^\P)= ' "If "" 7;")J ei(— °)-^ (4.12) 

(27r?i)2 gi(x)hi{p) 

tp{xo,p) is a specific but otherwise arbitrary real function and n[P{xo — > a;)] 
is the path ordered U(l) holonomy along the path P{xo x). Notice that 
g{x) and h{p) are both necessary because they simultaneously appear in the 
most general wave function (4.12). The wave function (4.12) generalizes in a 
transparent manner the usual plane wave solutions of application to the trivial 
representation of the Heisenberg algebra with Aa{x) = and with the choices 
g(x) = 1 and h{p) = 1. 

Now we point out that the wave-particle duality can be made explicit in 
quantum mechanics if we further introduce the equations 

{P \ Pa \ -tp) = Pa(p \ tp) = Pa'tpip) (4.13a) 

(P I ^« I V-) = + ^MpW^HpMp) (4.13b) 

which arc the momentum representation correspondents of equations (4.6). The 
vector field Aa{p) has a vanishing strength tensor in momentum space, 

and is related to arbitrary local phase transformations of the momentum eigen- 
vectors 

I p') = e^7(p) I p) (4.15a) 

when 

A',{p)=A„ip) + ^ (4.15b) 

where 7(p) is an arbitrary scalar function. Equations (4.15) are the momentum 
representation correspondents of equations (4.7). 

Now we need further evidence that the complementation of the basic equa- 
tions of quantum mechanics we suggested in this section really makes sense. 
Part of this evidence comes from the results we derived for the massless particle 
in section two. We describe more evidence in the next section, 
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5 Dual Fields in Conformal Gravity 



In this section we describe world-line constrained Hamiltonian formalisms con- 
taining tensor and vector fields. These formalisms are constructed starting from 
action (3.4b). We will use these formalisms to support our constructions in sec- 
tion four. These formalisms are based on new local symmetries in the presence 
of tensor and vector fields. For the actions we display here, local Sp{2, R) is 
a broken symmetry. But this does not cause any problem in the transition to 
the physical sector of the theory. This is because these new local symmetry can 
also be used to arrive at the correct number of physical degrees of freedom, and 
reproduce the local Sp{2, R) symmetry when the fields are removed. 



5.1 Position dependent tensor fields 

Action (3.4b) can be extended to an action in d -I- 2 dimensions where the 
geometry is described by a position dependent tensor Gmn{X). This action is 
given by 



^Pm - X'^Pm) - [\\,Gmn{X)P^P^ 



+\2Gmn{X)X'^P^ + ]^X:,Gmn{X)X^'X^\} 



= I dT{X^PM - [IxiGmn{X)P^P^ 



+ X2Gmn{X)X'''p'' + ]^MGmn{X)X^X''\} (5.1) 
where the Hamiltonian is 

H = ^AiGmjv(X)P^P^ + A2Gmjv(X)X^P^ 

+ \\^Gmn{X)X'''x'' (5.2) 

The duality transformation (3.13) is not a symmetry of action (5.1) because 
Gmn{X) becomes Gmn{P) under (3.13). 

The equations of motion for the variables give the constraints 

<^i = ^GMiv(X)P^P^«0 (5.3a) 

<^2 = Gmn (X)X^P^ « (5.3b) 

<^3 = \Gmn{X)X^X'' « (5.3c) 

Following Dirac's algorithm for constrained systems [20], wc must now require 
the dynamical stability of constraints (5.3), which is the requirement that 

<^a = {<^a>^} = A/3{<^„,<^.} = (5.4) 
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Conditions (5.4) lead to the Poisson brackets 

{</.i,</.2} = -GMiv^X^-GMiv^P^ (5.5a) 

OA.M OA.M 

{.^i,<^3} = -GMiv^P^ (5.5b) 

{<^2,'/'3} = -GMAr^X^ (5.5c) 

The bracket relations (5.5) reproduce the Sp{2,R) gauge algebra (3.9) when 

Gmn = Vmn- 

We see from (5.5) that we can achieve dynamical stability of constraints 
(5.3) if we impose the conditions 

Gmn{X)^X^ ^0 (5.6a) 

OA.M 

Gmn{X)-^P^ « (5.6b) 

If we interpret conditions (5.6) as new independent secondary [20] constrains and 
require their dynamical stability we get new conditions involving second order 
derivatives of the constraints (5.3) with respect to Xm- These new conditions 
are direct consequences of conditions (5.6). We therefore retain only conditions 
(5.6) as the necessary conditions for the dynamical stability of constraints (5.3). 
In a transition to flat space Gmn = Vmn the conditions (5.6) reproduce the first 
class constraints (3.6). When conditions (5.6) hold, constraints (5.3) become 
first class constraints. 

Constraints (5.3) generate the local transformations 

SXm = ea(r){XM, cj^J = eiGMRP"" + e2GMRX« (5.7a) 



rr) r \in a ^ ^ ^Grs j^Rj^s ^Grs ^RnS 

SPm = e„(T){PM,<^a} = P - ^^dxM^ P 



- e^GMRP"" - ^^3|^X«X^ - c^GmrX^ (5.7b) 

with arbitrary parameters ea(T). Under transformations (5.7) action (5.1) trans- 
forms as 

5S= I dr[(eiA2 - e2\i)GMN^X'' + (esAi - e^\2)GMN^P'' 
+(£3^1 — e\Xz)GMN-^^-P^ + (£3^2 — ^iM)Gmn ^t-^ X^ 

OJi-M OJi-M 



+ -^iecx(l>a) + ^a(f>a - K^^'oc] (5.7c) 
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Using the conditions (5.6) we can write the variation (5.7c) as 



/d 
dT[—{ea(l)J + ec(p„-(l)JXa] (5.7d) 

If we now choose 6Xa = we obtain 

5S^ J dT-^{eM (5-7e) 

This confirms that when conditions (5.6) hold action (5.1) has a local invariance 
generated by the first class constraints (5.3). The conserved charge correspond- 
ing to this local invariance is the quantity 

Q = = \eiGMN{X)P^P'' + e2GMN{X)X^'P'' 

+ \e^GMN{X)X^X'' (5.8) 

Since we have here three first class constraints, which is the same number of first 
class constraints associated with the local Sp{2, R) symmetry, it is possible [21] 
to use the local symmetry generated by the conserved charge (5.8) to eliminate 
one space- like degree of freedom and two time- like degrees of freedom from each 
of the canonical variables. This leaves us with d—1 physical canonical pairs. The 
physical components of the tensor field are described in terms of the physical 
components of the position variable. There will be no ghosts in the quantized 
theory. As we will sec in the next section, a duality transformation of the type 
(3.13) changes the local transformation equations (5.7) and the corresponding 
conserved charge (5.8) in the background Gmn{X) into the local transformation 
equations and the corresponding conserved charge in a background Gmn{P)- In 
a transition to the fiat d-\-2 dimensional space-time the transformation equations 
(5.7) and the corresponding conserved charge (5.8) reproduce the local 5*^(2, R) 
transformation equations (3.11) and the corresponding conserved charge (3.12). 
Hamiltonian (5.2) generates the equations of motion 

Xm = {Xm, H} = XiGmrP^ + X2GmrX^ (5.9a) 
Pm - {PM,iii - -^M-^^P P -\2-g^X F 



X2GmrP''-Ixs^^X^X^-X3GmrX'' (5.9b) 



The equations of motion (5.9) reproduce the equations of motion (3.14) when 

Gmn ~ Vmn- wc will sec in the next section, the duality transformation 
(3.13) changes the equations of motion (5.9) in the background Gmn{X) into 
the equations of motion in a background Gmn{P) and vice versa. It is this 
dual behavior of the local symmetries and of the equations of motion under the 
duality transformation (3.13) that we expect to exist also at the quantum level. 
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5.2 Momentum dependent tensor fields 

Now we apply the duality transformation (3.13) to action (5.1) and obtain the 
action 

S = J drl^iX'^PM - X^Pm) - [\xiGMNiP)P^P'' 



I dT{-X^PM - [\\iGmn{P)P^P'' 



+ X2Gmn{P)X^P'' + \\sGmn{P)X^X'']} (5.10) 
where the Hamiltonian is 

H = ^X,Gmn{P)P^P^ + X2Gmn{P)X^P'' 

+ \x:,Gmn{P)X^X'' (5.11) 
The equations of motion for the variables Aq, (t) give the constraints 

= \Gmn{P)P^P'' « (5.12a) 

02 = Gmjv(P)X^P^ « (5.12b) 

(/-s = ^Gmjv(P)X^X^ « (5.12c) 
Requiring the dynamical stability of constraints (5.12) 

K = {K^H} = X0{cl>^,cl,p} = Q (5.13) 
we arrive at the bracket relations 

{</)i,<^2} = -Gmjv^P^ (5.14a) 

{01,03} = -GMiv^X^ (5.14b) 

{02,03} = Gmn^P"" - Gmn-^X^ (5.14c) 

The bracket relations (5.14) reproduce the Sp{2, R) gauge algebra (3.9) when 
Gmn = Vmn- Therefore, for consistency, we sec from equations (5.14) that to 
achieve dynamical stability of constraints (5.12) we must impose the conditions 

GMiv(P)||^X^«0 (5.15a) 
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Gmjv(P)^P^~0 (5.15b) 

When conditions (5.15) are satisfied, the bracket relations (5.14) weakly vanish 
and the constraints (5.12) become first class constraints. Conditions (5.15) 
reproduce the Sp{2,R) constraints (3.6) when Gmn = Vmn- 
Constraints (5.12) generate the local transformations 

5Xm = e„{r){XM, <t>J = l^i^^P^'P' + ^iGmrP"" 

+ + '^^GmhX^ + ^^3§f (5.16a) 

6Pm = ea(T){PM, = -e2GMflP'^ - esGMfiX^ (5.16b) 
under which 



SS= f dT[{e2Xi - eiX2)GMN-^P'' + (esAi - eiA3)GMJV 
J or'M 



M 



+ (£3^2 — ^2Xz)GmN X^ + (£2 A3 — £3X2)0 MN -^7^ P'^ 

O-TM or'M 

+ ^i<^a(l>a) + ^a4>a - (i>a^^»] (5.16c) 

When conditions (5.15) hold, we can write the variation of the action as 

6S^ J dT[^ {cM + eacpa- <f>JK] (5.16d) 
If we now choose 5Xa = Ca the variation of the action becomes 

SS^ j dT^ieM (5-16e) 

This confirms that, when conditions (5.15) are valid, action (5.10) has a local 

invariancc generated by the first class constraints (5.12). The conserved Hamil- 
tonian Noether charge corresponding to this local invariance is the quantity 

Q = ^c^K = \eiGMN{P)P''P'' + e2GMJv(P)X^P^ 

+ \e3GMN{P)X^X^ (5.17) 

Again it is in principle possible to use the local symmetry generated by the 
conserved charge (5.17) to eliminate one space- like degree of freedom and two 
time-like degrees of freedom from each of the canonical variables. Again, we 
arc left with d — 1 physical canonical pairs and with a tensor field that depends 
only on the physical components of the momentum variable. There will be no 
ghosts in the quantized theory. If we apply the duality transformation (3.13a), 
together with the transformations ei — > es, €2 — £2, £3 ei to the local 
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transformation equations (5.16) and to the conserved charge (5.17), they are 
turned into the local transformation equations (5.7) and conserved charge (5.8). 
In a transition to flat space Gmn = Vmn the transformation equations (5.16) 
and the conserved charge (5.17) reproduce the local Sp{2,R) transformations 
(3.11) and the corresponding conserved Noether charge (3.12). 
Hamiltonian (5.11) generates the equations of motion 

Xm = {Xm, H} = -Ai P^P^ + MGmrP^ 

+ ^^^^''P' + A.GmhX« + l^s^X^X^ (5.18a) 

Pm = {Pm, H} = -X^GmrP"" - XsGmrX''' (5.18b) 

Equations (5.18) reproduce the equations of motion (3.14) when Gmn = Vmn- 
Under the duality transformation (3.13), the equations of motion (5.18) in the 
background Gmn{P) are transformed into the equations of motion (5.9) in the 
background Gmn{X). 



5.3 Position dependent vector fields 

Starting from action (3.4b) we can construct the following action [28] in the 
presence of a vector field Am{X) 

S = J dT[\{X^PM - X^Pm) - i^XiP' + X2X.P 

+ ^XsX^ + X4X.A + X5PA + ^XeA^)] 
= J dT[X.P - (iAiP2 + A2X.P + ^XsX^ 

+ X4X.A + XsP.A + ^XeA^)] (5.19) 

where the Hamiltonian is 

H=^XiP^ + X2X.P+^XsX^ 

+ X^X.AiX) + Xr,PA{X) + ^XeA\X) (5.20) 

The duality transformation (3.13) is not a symmetry of action (3.19) because 
Am{X) becomes Am{P) under (3.13). 

The equations of motion for the variables Ag(r) {g = 1,2, ...,6) give the 
constraints 

^^ = lp2«o cP2=X.P^0 .^3 = lx2«0 (5.21a) 
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(()^ = X.A{X)^0 ^^ = P.A{X)^0 ?!>6 = ^yl^(X) « (5.21b) 
Requiring the dynamical stability of constraints (5.21) 

^, = {,^„if} = A^{(/)„(/)^} = (5.22) 
we arrive at the Sp{2,R) brackets (3.9), together with the new brackets 



M 



M 



ax 



M 



{04,</)J = O J_ (5.23) 

To satisfy the dynamical stability requirement (5.22) we then impose the con- 
ditions 

d4>Q AT ^'^e N ^'^e N 

Vmn'^ X ~0 Vmn'^ P ~0 Vmn'^ ^ ~0 

OJLm O-^m O-^m 

(5.24) 

As in the case when only a tensor field is present, conditions (5.24) should not be 
interpreted as secondary constraints. They are interpreted here as restrictions 
on the motion of the massless particle arising from the presence of constraints 
(5.21). When these conditions are valid the constraints (5.21) become first class 
constraints. 

Action (5.19) is invariant under global Lorentz SO{d, 2) transformation with 
generator Lmn = XmPn — X^Pm 

5Xm = -^i^Rs{LRs,XM} = ^^mrXr (5.25a) 

SPm = ^ojrs{Lrs, Pm} = ^^mrPr (5.25b) 

5Am = ^SXr (5.25c) 
oyi-R 

6Xg = 0, g=l,2,...,6 (5.25d) 

under which 5S = 0. It can be checked that Lmn has weakly vanishing Poisson 
brackets with constraints (5.21), being therefore gauge invariant in the presence 
of the vector field Am{X). 
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Constraints (5.21) generate the local transformations 

5Xm = eg{T){XM, (j)g} = ciPm + e2^M + es^M (5.26a) 

SPm = <^g{T){PM,(l>g} = -e2-PM " M - e4^M 

Using conditions (5.24), the variation of the action becomes 

SS « j dT[{e2Xi - €1X2)20^ + (esAi - eiA3)(/)2 

+ (e;iA2 - e2A3)2(?!)3 + (esAb - e5A3)'^4 
+ (£2 As - e-,\2)(p5 + ^(eg^e) + Cg^e - (l^gSXel (5.26c) 

Using now the constraint equations (5.21), we find that this variation reduces 
to 

SS^ JdT[^ (egcPg) + CgcPg - cj^gSXg] (5.26d) 
If we then finally choose 5Xg = kg we are left with 

SS^ I dT^{eg<j,g) (5.26e) 

Equation (5.26e) shows that the conserved Hamiltonian Noether charge in a 
flat d + 2 dimensional space-time with the presence of a background vector field 
Am{X) is the quantity 

Q = ^S^s = l^^P^ + ^^^-P + ^^3^2 

+ eiX.A{X) + e^P.AiX) + ^eeA^{X) (5.27) 

We can use the local symmetry generated by the conserved charge (5.27) to 
eliminate one space-like and two time-like degrees of freedom from each of the 
canonical variables and from the vector field. We are then left with a physical 
phase space with d — 1 canonical pairs over which is defined a vector field 
with d — 1 physical components. The vector field depends only on the physical 
components of the position variable. Again, there will be no ghosts in the 
quantized theory. The transformation equations (5.26) and the corresponding 
conserved charge (5.27) reproduce the local 5^(2, R) transformation equations 
(3.11) and the corresponding conserved charge (3.12) when Am{X) = 0. 

The Hamiltonian equations of motion in the presence of the vector field 
Am{X) are 

Xm = {Xm, H} = XiPm + X2XM + X^Am (5.28a) 
Pm = {Pm, H} = —X2PM ~ X^Xm — X^Am 

-^4^ g^-hP -gxM->^eA ^ (5.28b) 

Clearly these equations of motion reproduce the equations of motion (3.14) when 
AMiX) = 0. 
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5.4 Momentum dependent vector fields 

Now we perform in action (3.19) the duality transformation 

Xm{t) ^ Pm(t) Pm(t) ^ -Xm(t) (5.29a) 

Ai -> A3 A2 -A2 A3 ^ Ai (5.29b) 
A4 ^ A5 A5 ^ — A4 Ae Ag (5.29c) 
and obtain the following action with a background vector field Am {P) 

S = J dT[i(X^PM - X^Pm) - (^AiP2 + A2X.P 

+ ^X3X^ + X^X.A + X^P.A + ^XeA^)] 

= J dT[X^PM - (^AiP2 + A2X.P + ^XsX^ 

+ XiX.A + X5P.A + ^AeA^)] (5.30) 
where the Hamiltonian is 

H = ^XiP^ + X2X.P + ^X^X^ 

+ XiX.A{P) + X^P.AiP) + ^XeA''{P) (5.31) 
The equations of motion for the variables Ag(r) give the constraints 

= ip2^0 02 = ^-^«O </,3 = ix2«0 (5.32a) 



^4=X.A(P)«0 05 = P.^(P) « 0g = lA2(P)«O (5.32b) 



1 

2 

Requiring the dynamical stability condition (5.22) for constraints (5.32) we ar- 
rive at the new bracket relations 

{01,</'4} = -'/>5 {01,'?^'5} = O 

{<l>„cl>^} = {<^2, <f>^} = -<t>4 + P^ ^'^^ 



{(1)2, ■ 


h} 


pM d(p5 
QpM 




h) 






QpM 




h) 


^3,' 




QpM 


{'/>4>' 





QpM 
QpM 
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{cp„^,} = A''-^ {cj>„cp,} = (5.33) 

We see from (5.33) that to obtain dynamical stability for constraints (5.32) we 
must impose the conditions 

Vmn-^X^^O rj^^^P^^O ^^^^A^^O (5.34) 

C-TM C-TM O^M 

When conditions (5.34) hold, constraints (5.32) become first class constraints. 

Action (5.30) has a global Lorentz SO{d, 2) invariance with generator Lmn = 
XmPn — X^Pm 

5Xm = -^^^rsILrsjXm} = ^^mrXr (5.35a) 

5Pm = -ji^Rs{LRS, Pm) = ijJmrPr (5.35b) 

SAm = ^5Pm (5.35c) 

5\g = Q g = l,2, ,6 (5.35d) 

under which 6S = 0. It can be verified that Lmn has weakly vanishing Pois- 
son brackets with constraints (5.32) being therefore also gauge invariant in the 
presence of the vector field Am{P)- 

Constraints (5.32) generate the local transformations 

OAg 

6Xm = ee('r){XM, ^g} = ciPm + e2-^M + ^^X^ -QpM 

QpM + f QpA 

6Pm = eg{T){PM, <pg} = -e2PM - csXm - ^aAm (5.36b) 
= -k^^^Pn (5.36c) 
under which, after using the conditions (5.34), action (5.30) varies as 

bSK. ^ rfr[(e2Ai - eiA2)2(/)i + (esAi - eiA3)^;i2 



es^M + esP^^ + eeA^^ (5.36a) 



+ (e3A2 - e2A3)2(/)3 + (e4A2 - ^i\^)4>/^ 
d 

Jt 

Using the constraint equations (5.32), the above variation becomes 



+ {e^Xi - eiA4)(/)5 + — (e^^g) + kgcj)^ - cj)g5\g\ (5.36d) 



j dT[^{e,4>,) + e,<t>e " 'i^/A,] (5.36e) 
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If we now choose SXo = £« we obtain 



dS « 



(5.36d) 



The conserved charge is then the quantity 



+ eiX.A{P) + er,P.A{P) + ^e^A^iP) 



(5.37) 



It is possible to use the local symmetry generated by the conserved charge 
(5.37) to eliminate the imphysical degrees of freedom. At the end wc are left 
with a physical phase space with d — 1 canonical pairs over which is defined 
a vector field with d — 1 physical components. The vector field depends only 
on the physical components of the momentum variable. If we perform the 
duality transformation (5.29a), complemented with the transformations ei ea, 
£2 —62, €3 — > ei, €4 — > £5, £5 —£4, £6 — > £6, in the local transformation 
equations (5.36) and in the conserved charge (5.37), they are turned into the 
local transformation equations (5.26) and conserved charge (5.27). Therefore, 
there are duality transformations that relate the local symmetry of the action 
in the presence of the vector field Am{P) to the local symmetry of the action 
in the presence of the vector field Am{X) and vice versa. The transformation 
equations (5.36) and the corresponding conserved charge (5.37) reproduce the 
local Sp{2, R) transformation equations (3.11) and the corresponding conserved 
charge (3.12) when Am{P) = 0. 

Hamiltonian (5.31) generates the equations of motion 



Equations of motion (5.38) reproduce the equations of motion (3.14) when 

Am{P) = 0. If we perform the duality transformation (5.29) in the equations of 
motion (5.38), they are turned into the equations of motion (5.28). The duality 
transformation (5.29) therefore relates the dynamical evolution of the massless 
particle in the vector field Am {P) to its dynamical evolution in the vector field 
Am{X) and vice versa. 

5.5 Tensor and vector fields 

As a final way to give evidence that the complementation of quantum mechanics 
we suggested in section four makes sense, we now construct two dual actions 



Xm = {Xm, H} — XiPm + X2XM + X^Am 




(5.38a) 



Pm = {Pm, H} = —X2PM — X^Xm — X4,Am 



(5.38b) 
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with tensor and vector fields. The first of these actions describes the case when 
Gmn = Gmn{X) and Am = Am{X). This action is 

S = j dr{X^PM-[^AiGMJv(X)P^P^ + A2GMJv(X)X^P^ 

+-X3Gmn{X)X'^ + X4Gmn{X)X'^ A^ 

+ X^GMNiXjP^A"" + ^XeGMN{X)A^A^]} (5.39) 
where the Hamiltonian is 

H = -XiGmn{X)P^ P'^ + X2Gmn{X)X^ P^ 

+-^X3Gmn{X)X^ X^ + XiGMN{X)X^ A'^ 

+ X,Gmn{X)P^A'' + ^XeGMN{X)A^A'' (5.40) 
The equations of motion for the variables Xg give the constraints 

</'i = ^Gmjv(J^)P'^P^«0 <^2 = GMiv(X)X^P^«0 (5.41a) 

<I>3 = ^Gmn{X)X^X'' «0 (f>4^GMN{X)X^A''{X)^0 (5.41b) 
05 = Gmn (X)P^ (X) « (5.41c) 
06 = Igmn{X)A^{X)A''{X) ^ (5.41d) 
Requiring dynamical stability of constraints (5.41) we arrive at the brackets 

101102/ — ~<^MJV ay ^ -<JMJV ay 
{01,03} = -GMiV-^'^^ 



5X 



M 



{02,03} = -GMAr^X^ 
{01,04} = -GMiV^P^ 



1 /iJV rv,.,. ^V's dJV 



{0i>'?^'5} = G'mjv^t^A -Gmjv„„ ^ 

{01,0j = -GMiV^P^ 
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N 



{^2>^5} = G^MJV ^y A - GmN ^ y X 
OJi-M O-^M 

{^2> 06} = -GmN^P-X^ 



{■^S'^s} = Gmn 



dX 



M 



{05,<^6} = -GMiv^A^ (5.42) 

To achieve dynamical stability of constraints (5.51) we then impose the condi- 
tions 

Gmn{X)^^X'' « (5.43a) 

Gmn{X)-^P'' (5.43b) 

Gmjv(X)^A^«0 (5.43c) 
oXm 

If we make a transition to flat space Gmn = Vmn equations (5.42) reproduce 
the bracket relations (3.9) and (5.23) for the constraints (5.21) in the presence of 
the vector field Am{X) only. If we remove the vector field by setting Am{X) = 
the brackets (5.42) turn into the bracket relations (5.5) for the constraints (5.3) 
in the presence of the tensor field Gmn{X) only. If both the tensor and vector 
fields are removed then equations (5.42) turn into the 5^(2, R) bracket relations 
(3.9) for the first class constraints (3.6). 

Constraints (5.41) generate the local transformations 

5Xm = Cg{T){XM, <t>o} = ^iGmrP^ + ^iGmrX^ 



+ csGmrA"^ (5.44a) 

1 OGr s pflps 

2 ^dX^ 



6Pm = e,(r){PM,</'J = "tt^i^P^P 



dGns pS „ n 1 9Grs„r„s 

— is'^MR^ — £4 g-^M — ^A^^MRA 

-^iGRsX^—-—rj - £5 r^^^f^ P^A^ — C^GrsP" 



QXM dx^ ° ax^ 



28 



SAm = ^5X^ (5.44c) 

SGmn = ^§^SX^ (5.44d) 
under which, after using conditions (5.43), action (5.39) varies as 



SS « / dT[^{e,<j>^) + e,<k, - (5.44e) 



By choosing 5Xg = kg the variation (5.44e) becomes 

8S^ j dT^ieM (5-44f) 

This shows that the quantity 

Q = ^e4>s = \eiGMN{X)P^P'' + e2GMN{X)X^ P"" 

+ \esGMN{X)X^X'' + eiGMN{X)X^A''{X) 

+ e,,GMN{X)P^'A''{X) + ]^e,GMN{X)A^\X)A^{X) (5.45) 

is the conserved Hamiltonian Noether charge in the presence of the tensor field 
Gmn{X) and the vector field Am{X). It is possible to use the local symmetry 
generated by the conserved charge (5.45) to reach a physical phase space with 
d — 1 canonical pairs over which a vector field with d — 1 physical components 
is defined. The physical components of the tensor and vector fields depend only 
on the physical components of the position variable. There will be no ghosts in 
the quantized theory. 

Hamiltonian (5.40) generates the equations of motion 

X-M = {Xm, H] = ^iGmrP^ + MGmrX^ 

+ XsGmrA^ (5.46a) 

p _rp fTi _ 1), QGrs pfl ps y 9Grs vr ps 
Pm -{Pm,H^ ---Xi^^P P -^2^^X P 



—\2GmrP^ — ^Aa gj^M -^^-^^ ~ ^^GmrX^ 



dX^ '^^^^ ~ A4GMflA^ - X^GrsX^-^^ 
. QGrs^ R s pR^^ ^\^^31aRaS 



F)AS 

XeGRsA""-^ (5.46b) 
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If we make a transition to flat space-time, the equations of motion (5.46) reduce 
to the equations of motion (5.28) in the presence of the vector field Am{X) only. 
If we set Am{X) = the equations of motion (5.46) reduce to the equations 
of motion (5.9) in the presence of the tensor field Gmn{X) only. If we set 
Gmn = Vmn ^■'^d Am{X) = the equations of motion (5.46) reduce to the 
conformal gravity equations of motion (3.14). 

Performing the duality transformation (5.29) in action (5.39), we turn to the 
case when Gmn = Gmn{P) and Am = Am{P)- The action is 

S = J dT{-X^PM - [\\iGmn{P)P''p'' + \2Gmn{P)X^P'' 

+ \\sGmn{P)X^X'' + MGmn{P)X''A'' 

+ \,Gmn{P)P^A'' + ^-\^Gmn{P)A"A'']} (5.47) 
where the Hamiltonian is 

H = \\^Gmn{P)P^P'' + \2Gmn{P)X^P'' 

+ \mGmn{P)X'''x'' + X^Gmn{P)X^A'' 

+ X5Gmn{P)P^A'' + ^XeGMN{P)A^A'' (5.48) 
The equations of motion for the Ag(r) give the constraints 

.^i = ^Gmjv(P)P^P^«0 <^2 = Gmjv(P)X^P'^«0 (5.49a) 

^3 = ^Gmn{P)X"'X^ ^0 (P^ = Gmn{P)X^A''{P)^0 (5.49b) 
= Gmn {P)P^A^ (P) « (5.49c) 
<l>e = Igmn{P)A''{P)A''{P) « (5.49d) 

It can be verified that constraints (5.49) become dynamically stable first class 
constraints when the conditions 

GMiv(P)^X^~0 (5.50a) 
Gmjv(P)^P'^~0 (5.50b) 

OfM 

Gmn{P)^A^^Q (5.50c) 
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hold. Constraints (5.49) generate local transformations that can be obtained 
from the transformation equations (5.44) by using the duality transformation 
(5.29) with the Cg in the place of the Xg. In this case the conserved Hamiltonian 
Noether charge is the quantity 



1 

1 



Q = ^e<i>s = 7,^iGmn{P)P''p'' + e-2GMN{P)X^P'' 



+ -esGMN{P)X^X^ + e4GMN{P)X^A^{P) 

+ e,GMN{P)P''A^{P) + ^eeGMN{P)A^{P)A''{P) (5.51) 

We can again in principle use the local symmetry generated by the conserved 
charge (5.51) to reach the physical sector of the theory, with d — 1 canonical 
pairs and d — 1 components of the vector field. The physical components of 
the tensor and vector fields will depend only on the physical components of the 
momentum variable. If we perform the duality transformation (5.29) with the 
€g in the place of the Xg we find that the conserved charge (5.51) is turned into 
the conserved charge (5.45). 

Hamiltonian (5.48) generates the equations of motion 

Xm = {Xm, H} = -Ai P^P^ + XiGmrP^ 

+-^2-^^A P +X2GmrX +2^3-q^^ a 

+X,GmrA^ + X,GrsP'^ + ^A6^A«A« 

+ X,GrsA''^ (5.52a) 

Pm = {-Pm, H} = —X2GmrP^ — XsGmrX^ 

- X^GmrA"^ (5.52b) 

If we perform a transition to flat space-time, the equations of motion (5.52) 

reduce to the equations of motion (5.38) in the presence of the vector field 
Am{P) only. If we set Am{P) — the equations of motion (5.52) reduce to 
the equations of motion (5.18) in the presence of the tensor field Gmn{P) only. 
If we set Gmn = Vmn ^"^^ ^m(P) = the equations of motion (5.52) reduce 
to the conformal gravity equations of motion (3.14). The equations of motion 
(5.52) in the presence of the tensor field Gmn{P) and vector field Am{P) are 
transformed by the duality transformation (5.29) into the equations of motion 
(5.46) in the presence of the tensor field Gmn{X) and vector field Am{X). 

These results indicate that there are two dual descriptions of the local sym- 
metry and of the dynamical evolution of the massless relativistic particle in the 
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presence of tensor and vector fields. These two dual descriptions are related by 
duality transformations that interchange position and momentum. These two 
dual descriptions reduce to conformal gravity on the world-line when the tensor 
and vector fields are removed. It is the existence of these two dual descrip- 
tions that suggests the complementation of quantum mechanics we described in 
section four. 



6 Concluding remarks 

In this paper we suggested a complementation of the basic equations of quantum 
mechanics in the presence of gravity. The new equations we suggested here are 
based on a duality transformation that interchanges position and momentum 
at the classical level. At the quantum level, this duality transformation leaves 
invariant the definition of the fundamental commutator [Xm, Pn] = ih-VhiN- It 
is then reasonable to expect that this duality transformation at the quantum 
level will change position dependent tensor and vector fields into momentum 
dependent tensor and vector fields without any modification of the fundamental 
aspects of the quantum dynamics. In this paper we made an attempt to describe 
a particular classical limit of this dual behavior of the dynamics in the presence 
of tensor and vector fields, starting from the conformal gravity action in the 
world-line formalism, and using constrained Hamiltonian methods. 
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